Asymptotic analyses of the mechanical fields in front of stationary and propagating cracks facilitate the understanding of the mechanical and physical state in front of crack tips, and they enable prediction of crack growth and failure. Furthermore, efficient modelling of arbitrary crack growth by use of XFEM (extended finite element method) requires accurate knowledge of the asymptotic crack tip fields. In the present work, we perform an asymptotic analysis of the mechanical fields in the vicinity of a propagating mode I crack in rubber. Plane deformation is assumed, and the material model is based on the Langevin function, which accounts for the finite extensibility of polymer chains. The Langevin function is approximated by a polynomial, and only the term of the highest order contributes to the asymptotic solution. The crack is predicted to adopt a wedge-like shape, i.e. the crack faces will be straight lines. The angle of the wedge and the order of the stress singularity depend on the hardening of the strain energy function. The present analysis shows that in materials with a significant hardening, the inertia term in the equations of motion becomes negligible in the asymptotic analysis. Hence, there is no upper theoretical limit to the crack speed.
Introduction
In the vicinity of crack tips, the stress and strain fields may (theoretically) become singular, and the mechanical state in such regions may be characterised by an asymptotic solution. The nature of such singular fields reveals a great deal about the material and the mechanical state at the crack tip, and may be used to predict the risk of crack growth and failure. Furthermore, singular fields and asymptotic solutions may be used in the so-called extended finite element method (XFEM) (Belytschko et al., 2009; Yazid et al., 2009 ). The asymptotic crack tip deformation fields are then added to the standard FE shape functions, which enables the prediction of crack propagation along arbitrary paths using a relatively coarse mesh.
Analytic studies of crack tip fields go back to the 1950s. The asymptotic elastostatic crack tip fields in linearly elastic solids (Williams, 1959) , as well as solids exhibiting a non-linear material behaviour (Hutchinson, 1968; Rice and Rosengren, 1968) , have been considered. In addition, dynamic crack propagation in linearly elastic solids has been analysed (e.g. Sih, 1970; Clifton and Freund, 1974; Nilsson, 1974; Freund, 1990; Broberg, 1999) .
With regard to rubber and soft elastic materials, Wong and Shield (1969) employed a fully non-linear theory (i.e. for both material and geometry) to analyse the deformation fields at a mode I crack tip. They adopted an incompressible neoHookean material model to analyse the deformation of a membrane under plane stress. Using a similar framework, Sternberg (1973, 1974) studied the elastostatic mechanical fields in the vicinity of a crack tip for a homogeneous, isotropic, hyperelastic, and compressible material. Le and Stumpf (1993) performed a similar study as Knowles and Sternberg, but applied a different strain energy function for the material. Also Stephenson (1982) used a similar type of approach as Knowles and Sternberg (1973) , but considered an incompressible material and introduced the hydrostatic pressure as an additional field variable. Knowles and Sternberg (1983) have also studied the deformation of a crack tip in an incompressible thin neoHookean sheet under plane stress conditions. Recently, Kroon (2011a) considered dynamic crack propagation in rubber. In this study, the same material law was used as in Sternberg (1973, 1974) , and the influence of inertia on the crack tip fields was examined.
Mixed-mode (mode I and II) cases have also been considered (Stephenson, 1982; Geubelle and Knauss, 1994) , and it was concluded that the theory for large deformations excludes the possibility of a pure antisymmetric (mode II) deformation mode (Knowles, 1981; Stephenson, 1982; Geubelle and Knauss, 1994) .
The anti-plane (mode III) crack problem has also been analysed using finite strain theory (Knowles, 1977; Sternberg, 1980, 1981; Silling, 1988a,b) .
The elasto-static -and to some extent the dynamic -crack tip fields in solids undergoing finite deformations have been thoroughly examined, as indicated above. However, the non-linear nature of the problem implies that there are no unique solutions available. For instance, the resulting singular solutions depend on the choice of material law. There is some experimental evidence that crack profiles in rubber assume a parabolic shape (e.g. Gent and Marteny, 1982; Al-Quraishi and Hoo Fatt, 2007) . This outcome is predicted for example in the studies by Sternberg (1973, 1974) and Kroon (2011a) . However, other experimental studies (e.g. Deegan et al., 2002; Petersan et al., 2004; Zhang et al., 2009; Chen et al., 2011) suggest that the crack profiles would be more or less straight, i.e. the crack would assume a wedge-like shape. In fact, one of these studies (Zhang et al., 2009) indicates that the shape of the crack tip may change with the crack speed and applied boundary conditions.
In the present work, we examine the mode I crack a bit further, and crack propagation under plane deformation conditions is considered. We adopt a material law that is suitable for rubber and is based on Langevin statistics for the stretching of polymer chains. However, we use the polynomial approximation of the Langevin function, and are therefore not considering the true Langevin function, in which there is a maximum locking stretch at which the stress/force response goes to infinity. Since the deformation of individual polymer chains is never fully affine, complete locking cannot be expected to occur in a real material. We therefore believe that from a physical point of view, the polynomial approximation of the Langevin function is more plausible than the exact function itself, since the approximation in effect adds some extra compliance at high stretches which prohibits complete locking.
In Sections 2 and 3, the eigenvalue problem is formulated, which includes the kinematics of the problem, the constitutive model, the boundary conditions applied, equations of motion, and energy relations. The numerical solution to the problem is then provided in Section 4. Finally, Section 5 provides a discussion and some concluding remarks.
Problem formulation

Geometry and kinematics
In the present analysis, we consider a crack that propagates through a plane structure, as illustrated in Fig. 1 . A mode I crack is modelled, the crack propagates with the Lagrangian crack speed V c , and both quasi-static and dynamic crack tip fields are considered. Three coordinate systems are introduced: a Cartesian coordinate system (X 0 1 ; X 0 2 ; X 0 3 ) that is fixed in space, a Cartesian coordinate system (X 1 ; X 2 ; X 3 ) that moves with the crack tip, and a cylindrical coordinate system (R; H; Z) that also moves with the crack tip. All three coordinate systems are associated with the undeformed state of the rubber material. The two moving systems have their origin at the tip of the crack, and the crack propagates along the X 1 -direction. We assume that in the vicinity of the crack tip, asymptotic solutions dominate the mechanical fields and steady-state conditions prevail, such that the two Cartesian systems relate according to 
The coordinates of the moving coordinate systems relate according to
where X 1 ; X 2 ; X 3 ; Z 2 ðÀ1; 1Þ; R 2 ½0; 1Þ, and H 2 ½Àp; p.
Henceforth, we only consider the coordinate systems that move with the crack tip. The position vector in the undeformed configuration is denoted by X ¼ X 1 e 1 þ X 2 e 2 þ X 3 e 3 , where e 1 ; e 2 , and e 3 is a set of orthogonal unit vectors associated with the three coordinates X 1 ; X 2 , and X 3 , respectively. The position vector in the deformed configuration is denoted by x ¼ X þ u, where u is the displacement vector. The deformation gradient is defined as F ¼ @x=@X, and the right Cauchy-Green deformation tensor is
For the asymptotic deformation field at the crack tip, the following ansatz is proposed:
Stress fields perpendicular to the crack are expected to be singular (0 < b < 1). Stress fields along the crack extension may also be singular but possibly with a higher exponent (a P b), associated with a weaker singularity. The components of the deformation gradient are computed according to
where the partial derivatives are
For the present plane problem, the deformation gradient takes on the form
The non-zero components of the deformation gradient are
F 33 ¼ F 33 ðZÞ 6 1; where ðÞ 0 denotes differentiation with respect to H. The determinants of the in-plane and full volumetric deformations are defined as
respectively, where
For the case of plane deformation (
The first invariant of the right Cauchy-Green deformation tensor, I 1 , is defined and computed as
! R 2ðaÀ1Þ p 1 ðHÞ þ R 2ðbÀ1Þ p 2 ðHÞ ð 13Þ
for R ! 0, where I is the identity tensor, and
The related invariant I 1 , which is associated with isochoric deformations, is defined as
Due to the simple form of F, the transpose of the inverse is readily attained as
which will be used later on.
Constitutive behaviour
We consider a rubber-like material, whose stiffness is related to the unfolding of polymer chains and the associated decrease in entropy of the chains. As the polymer chains approach their full length, the stiffness of the material increases dramatically. This behaviour can be described by use of Langevin statistics, and the strain energy for such a system can be approximated as
where W is a polynomial approximation of the Langevin function, and a i is a set of material stiffness constants. In an asymptotic analysis, the polynomial term of the highest order will dominate, and for the present analysis, we therefore adopt a strain energy function on the form
for R ! 0, where n is the exponent of the dominating term. Second and first Piola-Kirchhoff stresses are computed as
respectively. To illustrate the behaviour of the constitutive law given in Eq. (19), we consider a case of uniaxial tension. For this case, the principal stretches are
, and the first Piola-Kirchhoff stress in the loading direc-
The stress-stretch response for this uniaxial case is illustrated in Fig. 2 for a few different values of the exponent n. Note that the curves have been normalised using different values of l n such that the stress equals 1 for k ¼ 6.
Boundary conditions
For a mode I crack, both kinematic and traction boundary conditions are involved. For H ¼ 0, we have the kinematic
Tractions T ¼ PN should vanish on the free crack surface (H ¼ AEp), where N is a normal vector. In the reference configuration, the outward crack surface normal is N ¼ ð0 AE 1 0Þ T , which implies that
must hold.
Equations of motion and energy considerations
The stress state must satisfy the equations of motion and also energy requirements. Thus, force equilibrium with inertia effects present implies that
where terms with @ðÞ=@Z vanish and the equation for i ¼ 3 is trivial. Henceforth, indices i and j only take on values 1 and 2. Steady-state conditions have also been assumed in the last step of Eq. (23), where use has been made of Eq. (2). The path-independent J-integral was introduced by Rice (1968) and was later extended to the domain of finite strains by Chang (1972) and Medri (1986) . For a crack that coincides with the X 1 -axis in the reference configuration and propagates in the same direction, the J-integral, valid for finite strains and dynamic crack propagation, may be expressed as is the kinetic energy. (The notation J int is used for the integral to distinguish it from the deformation invariant J.) The integration path C is taken to be a circle with a constant radius R. The path goes from the lower to the upper free crack surface in a counter-clockwise fashion. Path-independence requires that the integrand is of the order O R À1 for R ! 0.
Governing equations for plane deformation
We now specify the problem for the case of plane deformation and adopt a strain energy on the form
for R ! 0. Hence, the first term accounts for contributions to the strain energy from isochoric deformations, whereas the second term, UðJÞ, accounts for volumetric contributions. We assume that the bulk stiffness for J ! 1 -which is expected to hold in the vicinity of a crack tip -is of a lower order than the shear stiffness, and the second term UðJÞ will therefore vanish in the asymptotic analysis. We emphasise that this is, in general, not the case for moderate deformations of rubber. However, the bulk stiffness of the material is associated with interactions between polymer chains, whereas the shear stiffness is associated with stretching of polymer chains. At large strains -where the polymer chains approach their full length -the strain energy is expected to be dominated by the stretching of polymer chains and hence by isochoric deformations. The second Piola-Kirchhoff stress tensor becomes
and the associated first Piola-Kirchhoff stress tensor is
where an expression for F ÀT was provided in Eq. (17).
The boundary conditions require that the tractions on the free crack surface vanish, which implies that the stress components P 12 and P 22 must be zero there. A quick inspection of the expressions for the nominal stress in Eq. (28) reveals that this requires that
From Eq. (9) we know that F 12 and F 22 are of the orders OðR aÀ1 Þ and OðR bÀ1 Þ, respectively, and I 1 and J are of the orders OðR 2ðbÀ1Þ Þ and OðR aþbÀ2Þ Þ, respectively, for R ! 0. If the conditions in Eqs. (29) and (30) are to be fulfilled, the order of the two terms in the two respective expressions must be the same. It is then straight-forward to show that this requires that a ¼ b. Hence, from now on, we proceed under the assumption that a ¼ b, and a is kept as the independent variable.
Path independence of the J-integral requires that W ¼ OðR À1 Þ. 
The four in-plane nominal stress components may now be expressed as 
where b ¼ a has been assumed. (As noted above, a can in turn be expressed as a function of n.) The order of the stress terms is OðR mÀ1 Þ, and the order of the inertia terms is OðR aÀ2 Þ. It is straight-forward to show that the condition m À 1 ¼ a À 2 is equivalent to the condition n ¼ 3. Hence, if n > 3, the stress terms will dominate, and the inertia terms vanish from the asymptotic analysis. As a consequence, there is no upper theoretical limit for the speed of the propagating crack. On the other hand, if n ¼ 3, both stress terms and inertia terms need to be included in the asymptotic analysis, and there will exist an upper theoretical limit for the crack speed. Lastly, if n < 3, there is no asymptotic solution for a dynamically propagating crack, i.e. a crack with a finite speed V c . However, a solution for the static problem, i.e. for V c ¼ 0, may still exist. To sum up, we note that the boundary conditions in Eqs. (21) and (39) together with the equations of motion whose terms are given in Eqs. (36)- (38) fully define the present eigenvalue problem, which may be solved for the functions f 1 ðHÞ and f 2 ðHÞ.
Results
Solution procedure
The solution procedure is outlined in Table 1 . The kinematic boundary conditions are f 1 ð0Þ ¼ 1 (arbitrary amplitude), f 0 1 ð0Þ ¼ 0 (symmetric mode I crack), and f 2 ð0Þ ¼ 0 (symmetry constraint).
The angular coordinate H is discretised using N equidistant points, yielding the discrete values H i ¼ ip=N (i ¼ 1; . . . ; N). In an inner loop, the discretised versions of the two curves f 1 ðHÞ and f 2 ðHÞ are then computed by use of the equations of motion. In the outer loop, the two parametres f 0 2 ð0Þ and a are adjusted so that the two remaining boundary conditions (associated with the vanishing tractions on the free crack surfaces) are fulfilled.
The two tolerances 1 and 2 are set to 10 À8 and 10 À12 , respectively, and N ¼ 500 discretisation points are used. It should be noted, that the value of a is, in principle, already determined by energy considerations, as indicated above, but it is kept as a free variable, and during the iterations in the solution procedure, a converges towards the value required to render the J-integral path-independent. As indicated above, the amplitude f 1 ð0Þ ¼ 1 is completely arbitrary, and both curves, f 1 ðHÞ and f 2 ðHÞ, are directly proportional to f 1 ð0Þ.
Numerical results
The solution to the plane deformation problem is illustrated in Fig. 3 in terms of the eigenfunctions f 1 ðHÞ and f 2 ðHÞ for a few different values of n and for some different crack speeds V c (only relevant for n ¼ 3).
As discussed above, there is only a static asymptotic solution available for n ¼ 2, since for this case, the inertia terms in the equations of motion are of higher order than the stress terms. For n ¼ 3, Table 1 Outline of numerical procedure for determining f1ðHÞ and f2ðHÞ. 
, and n ¼ 20 (orange). (For interpretation of the references to colour in this figure caption, the reader is referred to the web version of this article.) the inertia terms and stress terms are of equal order, and the resulting eigenfunctions are plotted for the three (normalised) crack speeds q 0 V 2 c =l n ¼ 0, 1, 2. Finally, the eigenfunctions for three higher exponents (n ¼ 6, 10, and 20) are shown in Fig. 3 . In Fig. 4 , the functions pðHÞ and qðHÞ are plotted for some of the cases in Fig. 3 . The functions pðHÞ and qðHÞ are the angular functions of the invariants I 1 and J, respectively. As can be seen from Fig. 4 , these two angular functions are relatively constant for a given value of n.
In Fig. 5 , the obtained results are further illustrated. We consider a reference line in the form of a half circle located close to the crack tip, indicated by the black line in Fig. 5 . When a deformation field is applied, this contour deforms as indicated by the differently coloured lines. The deformed free crack edges associated with the deformed contours are also indicated by dashed lines.
Since a ¼ b, the deformed crack plane will be a straight line inclined with respect to the undeformed crack plane, as indicated in Fig. 5 .
We may quantify the angle between the crack plane and the symmetry plane as
For the case n ¼ 2, the angle between the deformed crack plane and the symmetry plane is about t ¼ 130
, which is clearly unreasonable from a physical point of view. For n ¼ 3, the deformed crack plane is virtually vertical, i.e. it makes a right angle with the symmetry plane. This goes for both the static and the dynamic cases considered. For the higher values of n, the angle between the deformed crack plane and the symmetry plane falls in the range t ¼ 45 to 60
, which seems to be more plausible physically. In Fig. 6 , the resulting angle t is shown for different values of the exponent n. As can be seen from Fig. 6 , the angle t approaches a value of about 50°for high values of n.
As indicated previously, the order of the nominal (first Piola-Kirchhoff) stress singularity depends on the exponent n ( a ¼ 1 À 3=2n) since the material is taken to be compressible, the singularity of the Cauchy stress field is actually weaker than the nominal (first Piola-Kirchhoff) stress field, and for the case n ¼ 3, there is no singularity at all in the Cauchy stress field.
Discussion and concluding remarks
Asymptotic analyses of the singular stress and strain fields in different types of materials have been performed since the 1950's. This includes studies of the mechanical fields in rubber, where both non-linear kinematics and non-linear material models must be employed. However, the outcome of such analyses depends strongly on the type of material model chosen, and for the asymptotic behaviour in particular, it is not evident what material model is the most appropriate in the asymptotic regime. For instance, the model adopted by Sternberg (1973, 1974) and Kroon (2011a) predicts a crack with a parabolic shape, whereas the model adopted in the present analysis (based on Langevin statistics) predicts a wedge-like crack with straight surfaces. It is difficult to tell which model is the most accurate one, and it is of interest to explore different types of models. It might even be that different types of rubber show different types of crack tip behaviour, and different models may therefore be required for different types of rubber. Using the polynomial approximation of the Langevin function, the term of the highest order is taken to dominate the asymptotic solution. It was shown, that if the order of this term, n, exceeds 3, the inertia terms in the equations of motion vanish from the asymptotic analysis. One consequence of this is, that theoretically, there is no upper crack speed limit. Supersonic cracks have been considered to be impossible, because elastic information in a solid is transferred by elastic waves, and according to linear theory, the Rayleigh wave speed puts an upper theoretical limit on the speed of mode I cracks. However, for hyperelastic materials like rubber, this is not necessarily the case. For the case n ¼ 3, there exists, however, a highest possible theoretical crack speed. Just as in the case for a fully linear theory, this limiting crack speed is associated with the equations of motion going from being elliptic to hyperbolic. We noted that this upper limit is somewhere in the range 2 < q 0 V 2 c =l n < 3, but this limit was not further investigated in the present study.
The order of the stress singularity will also depend on the exponent n in the material law. According to linear theory, the stresses are proportional to R À1=2 . In the present analysis, the first Piola Kirchhoff stress components are of the order OðR 3=2nÀ1 Þ, i.e. as n increases, the singularity approaches R À1 . This result is not identical but similar to the findings in Sternberg (1973, 1974) and Kroon (2011a) . The present analysis further suggests that the crack profile will be a straight line that makes an angle to the symmetry plane of about 45°to 90°(for n ! 3). This angle is predicted to decrease with the order of the highest term in the constitutive law. The estimated range of the crack angle agrees well with several experimental studies (Deegan et al., 2002; Petersan et al., 2004; Zhang et al., 2009; Chen et al., 2011) , where it was found that the angle between the (more or less) straight crack face and the symmetry plane was about 50-60°. These studies show that cracks in rubber may propagate with speeds that exceed the shear wave speed. When the cracks approach these high speeds, they adopt a wedge-like shape, which is exactly what the present analysis predicts.
Some experiments (Zhang et al., 2009) suggest that a transition from a parabolic to a wedge-like shape of the crack tip takes place, and that this transition is associated with the crack speed approaching the wave speed of the material. However, as far as the current author understands, it is an open issue if the ''parabolic'' crack tip is caused by a truly parabolic asymptotic region, or if we are rather dealing with a wedge-like asymptotic regionwith a wedge that makes a 90°angle with the crack plane -whose continuation outside the asymptotic region curves due to kinematic necessity. If the latter description is correct, the present analysis seems to be very accurate in its predictions. That is, for a moderately stretched rubber material, it may be conjectured that the asymptotic field is governed by a singularity associated with n % 3, resulting in a 90°wedge-like tip that looks parabolic if the whole crack tip is considered. But if the material is stretched further, higher order terms (n > 3) in the constitutive response are ''activated'', inertia effects become insignificant, and the slope of the wedge-like crack shape decreases to values that are less than 90°.
The wedge-like shape at high crack speeds could indicate that the crack propagation process is a shock phenomenon, and Marder (2005 Marder ( , 2006 has proposed a theoretical framework to describe this. Furthermore, so-called lattice models (Slepyan et al., 1999; Marder, 2005; Wang and Chen, 2005) have been developed to model crack growth in viscoelastic solids in general. These models have for example explored the influence of hyperelasticity, viscoelasticity, and non-local elasticity on crack propagation.
Viscous stresses have been ignored in the present analysis. It is well established, that viscosity plays an important role in the fracture mechanics of rubbery polymers (see e.g. Lake et al., 2000; Kroon, 2011b Kroon, , 2012 Elmukashfi and Kroon, 2012) , and viscosity contributes strongly to the work of fracture in these materials. In the present context, however, we work under the assumption that close to the crack tip, the stress state is dominated by the stiff, elastic response of polymer chains approaching their maximum length. Thus, viscosity is seen as contributing to the work of fracture through dissipation in the bulk material surrounding the crack tip, but in the asymptotic analysis, the viscous stresses are taken to be of a lower order than the elastic stresses.
In summary, we have performed an asymptotic analysis of the mechanical fields in the vicinity of a propagating crack tip in rubber. The material model is based on the Langevin function, which accounts for the finite extensibility of polymer chains. The crack is predicted to adopt a wedge-like shape, i.e. the crack faces will be straight lines. The angle of the wedge and the order of the stress singularity depend on the hardening of the strain energy function.
